
Example 1. We come back to the first example and we are focusing on its repre-
sentation in term of P -level set. Let us write, for (x, v) ∈ R2, p1 : (x, v) "→
x, p2 : (x, v) "→ v and p3 : (x, v) "→ 2x2 + 3v2 + 2xv. Let us take P =
{p1,−p1, p2,−p2, p3}, v(p1) = 1.8708, v(−p1) = 1.8708, v(p2) = 1.5275, v(−p2) =
1.5275, and v(p3) = 7. The set v! is precisely the one shown right of Figure 1.

Example 2. We next show some P -level sets which are not convex in the usual
sense. Let us write, for (x, y) ∈ R2, p1 : (x, y) "→ −y2 − (x + 2)2, p2 : (x, y) "→
−y2 − (x − 2)2 and p3 : (x, y) "→ −(y − 2)2 − x2, p4 : (x, y) "→ −(y + 2)2 − x2.
Let us take P = {p1, p2, p3, p4} and v(p1) = v(p2) = v(p3) = v(p4) = −2. The
set v! is shown Figure 2.

Fig. 2. A P -level set arising from non-
convex quadratic functions.

{y − x ≤ 3, y + x ≤ 3, −y ≤ 0}

Fig. 3. A P -level set arising from linear
forms.

In our case, P is a set of functions from Rd to R not necessarily linear, so we
generalize the concept of support functions (e.g see Section 13 of [Roc96]).

Definition 2 (Abstract support functions). To X ⊂ Rd, we associate the
abstract support function denoted by X† and defined as:

X†(p) = sup
x∈X

p(x)

Proposition 1. The pair of maps v "→ v! and X "→ X† defines a Galois con-
nection between F(P, R) and the set of subsets of Rd.

In the terminology of abstract interpretation, (.)† is the abstraction function,
and (.)! is the concretization function.

2.2 The lattices of P -convex sets and P -convex functions

The sets of points in Rd which are exactly represented by their corresponding
P -level sets are called P -convex sets, as in the definition below. These can be
identified to the set of abstract elements we are considering3. We show in Theo-
rem 1 that they constitute a complete lattice.

Definition 3 (P-convexity). Let v ∈ F(P, R), we say that v is a P -convex
function if v = (v!)†. A set X ⊂ Rd is a P -convex set if X = (X†)!.
3 Formally, this is the upper-closure in P(Rd) of the set of abstract elements.


